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Abstract 

Minimizing  the  area  of  a  circuit  is  an  important  problem  in  tbc  domain  of  Very  Large  Scale  Integration.  We 
use  a  theoretical  VI. SI  model  to  reduce  this  problem  to  one  of  laying  out  a  graph,  where  the  transistors  and 
wires  of  the  circuit  arc  identified  with  the  vertices  and  edges  of  the  graph.  Wc  give  an  algorithm  that 
produces  VI  SI  layouts  for  classes  of  graphs  that  have  good  separator  theorems.  We  show  in  particular  that  any 
planar  graph  of  n  vertices  has  an  0(/;lg:/i)  area  layout  and  that  any  tree  of  n  vertices  can  be  laid  out  in  linear 
area.  Ihc  algorithm  maintains  a  sparse  representation  for  layouts  that  is  based  on  the  well-known  UMON- 
Fl.Mi  data  structure,  and  as  a  result,  the  running  time  devoted  to  management  of  this  representation  is  nearly 
linear. 
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1 .  Introduction 

Ilie  remarkable  advance  of  very  large  scale  integrated  (VI .SI)  circuitry  lias  sparked  research  into  tlie 
design  of  algorithms  suitable  for  direct  hardware  implementation,  lo  the  computer  theorist.  VI  SI  provides 
an  attractive  model  of  parallel  computation  for  three  reasons,  first  ol  all.  the  number  of  components  that  can 
fit  on  a  single  chip  is  large,  and  Ivyond  that  has  been  doubling  every  one  to  two  years.  It  is  currently  possible 
to  place  1()5  components  on  a  single  chip,  and  it  is  projected  that  this  number  will  very  likely  grow  to  107  or 
even  10s.  These  large  numbers  make  asymptotic  analysis  and  oilier  theoretical  tools  applicable  to  this 
engineering  discipline.  Secondly.  M  SI  hardware  expense  can  be  related  directly  lo  the  very  mathematical 
and  geometric  cost  function  of  urea.  Unlike  older  technologies,  the  components  and  interconnections 
between  components  are  made  out  of  the  same  "stuff  in  VLSI,  and  hence  area  is  a  uniform  cost  measure  for 
both,  f  inally.  VLSI  provides  a  model  of  parallel  computation  that  includes  communication  costs  as  well  as 
operation  counts.  I  lic  cost  of  communication  is  represented  explicitly  as  the  area  of  a  fixed-width  wire 
between  two  processors.  In  fact,  interconnections  can  consume  most  of  the  area  of  an  integrated  circuit  chip. 
A  major  goal,  therefore,  is  to  minimize  the  area  required  by  particular  interconnection  schemes,  fliis  paper 
examines  the  problem  in  an  abstract  setting:  "Given  a  graph,  produce  an  area-efficient  layout. " 


Figure  1:  An  0(/ilgn)  layout  of  a  complete  binary  tree. 

To  illustrate  die  subtleties  inherent  in  this  problem,  consider  laying  out  a  complete  binary  tree  of  n  =  2*-l 
vertices,  figure  I  shows  an  obvious  solution  that  requires  O(n)gn)  area— 0(h)  across  the  bottom  times 
0(lg«)  height.  Observe  that  as  wc  ascend  the  tree  from  the  leaves  to  the  root,  the  number  of  wires  is  halved 
from  one  level  to  the  next,  but  die  length  of  the  w  ires  doubles,  ibis  means  dial  die  amount  of  wire  dev  oted  to 
each  level  of  die  tree  is  the  same.  The  recurrence  that  describes  the  area  required  by  this  layout  is  A(n)  =  1 
for  n  =  I.  and 

/((/;)  =  2/(([/</2j)  +  n/2 

for  n  =  2*-l  where  k  >  1. 

There  is  a  more  efficient  solution  to  this  embedding  problem.  The  so-called  f l- tree  layout  (17)  shown  in 
Figure  2  requires  only  O (n)  area  in  spite  of  die  fact  that  relatively  long  w  ires  arc  used  towards  die  root  of  the 
tree.  In  this  layout,  the  number  of  wires  is  halved  from  level  to  level  as  we  ascend  to  the  root,  blit  die  length 
of  the  w  ires  doubles  only  every  two  levels.  Whereas,  die  standard  (  )(//lg»)  layout  uses  just  one  dimension  for 
routing  most  of  die  wires,  the  1 1 -tree  makes  better  use  of  both  spatial  dimensions.  Ilie  recurrence  describing 
the  area  required  by  the  I  (  tree  is  more  complex  than  the  prev  ious  one  because  of  its  nonlinear  form: 
A(n)  =  I  foi  n  -  I.  and 

Mn)  -  4  ,1  ( j  h/4  j )  +  4  V/  - 1  ( [  zi/4 J )  +  1 

for  //  -  2  4*-l  where  k  >  1. 
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Figure  2:  The  ll-tree  layout  of  a  complete  binary  tree. 

Ihis  recurrence  can  be  solved  by  taking  the  square  root  t.fb  >th  sides  of  die  equ.it, on.  and  re*  ruing  :t  in 
terms  of  V -ll/i) .  the  length  of  the  edge  of  the  layout.  The  new  recurrence  is  a  simple  dr- idc-.md -conquer 
recurrence  which  has  solution  0(  Vn  )  for  the  edge  of  the  la..out. 

IT.e  remainder  of  this  paper  is  organized  as  follows.  Sections  2  through  5  contain  b  .end  material 
that  will  be  used  in  later  sections.  Section  2  contains  a  formulation  of  the  VI. SI  layout  mode',  and  Section  3 
goes  the  definition  of  a  separator  theorem.  Some  results  regarding  the  areas  and  </yn-i/  rj;->  \  of  la.,  outs  are 
prmed  in  Section  4.  In  Section  5.  an  important  nonlinear  recurrence  equation  is  solved. 

Section  6  brings  the  disjoint  ideas  of  the  previous  sections  together  by  toing  separator  the  'rents  to  help 
construct  VI  SI  layouts.  Many  corollaries  follow  from  thi>  main  result,  and  they  .-.re  explored  ;r.  Section  ".  In 
Sections,  an  implementation  of  the  layout  algorithm  is  presented  which  is  based  <  n  the  l.  vosT'lM) 
aigoritnm  analyzed  by  Tarjan  [22|.  It  is  shown  that  the  time  required  for  maintaining  the  representation  -  f  a 
layout  is  nearly  linear.  Section  9  uses  many  of  the  techniques  from  earlier  sections  to  investigate  a  lay  out 
model  in  which  the  vertices  of  a  graph  are  constrained  to  lie  on  a  line.  Finally.  Section  10  tries  :<•  place  the 
work  of  this  paper  in  proper  perspective. 

2.  The  VLSI  Model 

Before  presenting  the  VLSI  model  used  in  this  paper,  it  is  worth"  hile  to  examine  some  of  the  attributes  of 
VLSI  technologies.  VLSI  components— wires  and  transistors — are  constrained  to  lie  in  layers  on  a  wafer  of 
silicon.  Because  the  number  of  layers  is  small  (usually  under  six),  the  size  of  a  \  LSI  chip  can  K>  measured  by 
the  total  area  of  silicon  used— die  layers  contributing  to  the  ability  of  wires  to  cross.  1- . cry  \  I  si  fabrication 
process  has  a  natural  metric,  the  minimum  feoiuri  ycr  X.  which  is  the  width  i.f  the  narrowest  wire  th.-.t  can  bo 
manufactured.1  The  smallest  transistor  that  can  be  manufactured  is  a  squ  -.re  ■  ith  edge  X  and  ecu  X'  Since  a 
wire  of  length  /  consumes  X  /  area,  it  is  not  unusual  for  much  of  the  area  of  a  chip  to  be  .  ii'iincd  h.  wires. 
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Intuitively,  the  VLSI  model  should  make  one-to-one  correspondences  between  edges  in  the  graph  and 
wires  in  the  layout,  and  between  vertices  in  the  graph  and  transistors  in  the  layout.  The  mapping  between 
edges  and  wires  seems  straightforward  enough,  but  there  arc  many  issues  to  be  resolved  in  establishing  a 
correspondence  between  vertices  and  transistors.  An  important  one  is  that  a  vertex  in  a  graph  may  have  large 
degree,  and  yet  on  an  integrated  circuit,  an  arbitrarily  huge  number  of  wires  cannot  come  together  at  a  single 
point.  There  just  isn't  enough  room.  Another  problem  arises  from  the  fact  that  a  transistor  occupies  area. 
What  assumptions  should  be  made  about  the  size  and  shape  of  that  area? 

In  this  paper,  tee  resolve  these  difficulties  by  restricting  the  discussion  to  classes  of  graphs  with  vertex  degrees 
that  are  bounded  by  a  constant,  and  by  further  assuming  that  vertices  require  only  a  constant  urea  of  silicon. 
Although  these  constraints  may  seem  severe  at  first,  the  results  of  the  paper  are  easily  generalized  to  more 
complex  models.  Lor  example,  there  is  a  simple  transformation  from  an  arbitrary  graph  to  a  divalent  graph 
such  that  each  vertex  of  the  original  graph  is  a  block  of  the  d  ivalent  graph.  Another  way  that  the  model  can 
be  extended  is  to  allow  several  transistors  to  he  connected  by  a  single  wire.  This  is  easily  accomodated  by 
considering  bipartite  graphs— vertices  in  one  set  represent  transistors  and  those  in  the  other  represent  wires. 

Having  resolved  the  graph-theoretic  issues,  we  now  turn  to  die  modeling  of  the  layouts  u.emselvcs.  ITie 
VLSI  model  proposed  here  is  similar  to  that  of  1  Tompson  [23]  in  which  wires  have  unit  width  and  only  a 
constant  number  (two)  may  cross  .it  a  point.  Vertices  arc  placed  on  a  rectangular  grid  so  that  each  lies  wdthin  a 
grid  square.  I-idges  run  horizontally  and  vertically,  one  per  grid  square,  except  that  an  edge  Ruining 
horizontally  may  cross  one  running  vertically.2 

Layouts  that  are  designed  with  this  model  have  the  property  that  they  arc  sliceable.  That  is.  a  horizontal  or 
vertical  line  can  be  used  to  bisect  the  layout,  the  pieces  can  be  moved  apart,  and  die  severed  wires  can  be 
reconnected  to  realize  the  original  topology.  Slicing  can  be  used  to  generate  new  layouts  from  old  ones.  For 
example.  Figure  3  shows  how  slicing  enables  a  new  edge  to  be  routed  between  two  existing  vertices  in  a 
layout.  Two  horizontal  and  two  vertical  cuts  arc  made  through  die  layout  to  expose  the  the  vertices  that  arc  to 
be  connected.  (Actually,  two  slices  in  one  direction  and  one  in  the  other  always  suffice.)  The  pieces  arc 
separated  by  a  grid  unit,  die  severed  edges  are  reconnected  across  the  gaps,  and  a  new  edge  which  connects 
die  vertices  is  run  through  the  gaps.  If  the  length  in  grid  units  of  the  original  layout  was  /.  and  die  width  W, 
the  new  layout  has  length  at  most  / +2  and  width  at  most  If  +2.  It  should  be  noticed  that  die  slices  through 
the  layout  must  he  straight— a  staircase  cut  may  require  the  pieces  to  lie  separated  by  more  than  a  single  grid 
unit  for  a  new  edge  to  be  routed. 


3.  Separator  Theorems 

Recently.  I.ipton  and  Tarjan  [  14 1  showed  th.it  any  planar  graph  of  n  vertices  can  be  divided  into  two 
subgraphs  of  approximately  the  same  si/e  by  removing  only  O (s/7i)  vertices.  Since  die  subgraphs  arc 
themselves  planar,  this  separator  theorem  provides  a  basis  loi  exploiting  the  div  idc-and  eonquer  paradigm  (1). 
We  shall  find  it  convenient  (o  alter  the  definition  of  separator  theorem  that  1  ipton  and  'Lujan  give.  Whereas 
they  bisect  a  graph  by  removing  vertices,  we  shall  remove  edges.  Since  we  arc  principally  concerned  with 
classes  of  graphs  with  bounded  degree,  the  definition  we  give  is  equivalent  except  for  the  values  of  tile 
constants  m  the  definition. 
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Figure  3:  Two  horizontal  and  two  vertical  slices  are  more  than  sufficient  to  route  an  edge. 


Definition:  l.ct  S  be  a  class  of  graphs  closed  under  the  subgraph  relation,  that  is.  if  G  is  an 
element  of  S.  and  G'  is  a  subgraph  of  G,  then  G'  is  also  an  element  of  S.  An  /(«)•  separator 
theorem  for  S  is  a  theorem  of  the  following  form. 

There  exist  constants  as  and  cs  where  0  <  «s.  <  1/2  and  c  >  0  such  that 
if  G  is  an  //-vertex  graph  in  .S',  then  by  removing  at  most  csf(n)  edges,  G  can 
he  partitioned  into  disjoint  subgraphs  G,  and  G2  having  «//  and  (l-o)/i 
vertices  respectively,  where  as  <  a  <  l-a6..3 

Ihc  set  of  removed  edges  is  called  the  cut  set  of  the  bisection,  and  /(»)  is  called  the  width  of 
the  bisection. 

Ibis  definition  is  adequate  for  l.ipton  and  Tarjan’s  Vn -separator  theorem  because  the  class  of  planar 
graphs  is  closed  under  tire  subgraph  relation.  But  there  arc  many  classes  of  graphs  for  which  the  same  dividc- 
and-conqucr  approach  works,  yet  the  class  is  not  closed  under  the  subgraph  relation.  The  notion  of 
separability  can  be  extended  by  taking  die  closure  of  the  original  class  of  graphs  with  the  subgraphs 
postulated  by  die  separator  theorem.  Using  this  interpretation  of  separability,  it  is  easy  to  show  (13]  diat  the 
class  of  trees  has  a  1 -separator  theorem.  (  The  class  of  trees  is  not  closed  under  the  subgraph  relation,  although 
the  class  of  forests  of  trees  is.)  We  shall  give  additional  separator  theorems  in  Section  7. 


Vfhr<iiinh<>iil  llus  paper  il  is  assumed  without  loss  of  j/erier.ilin  that  a  is  chosen  to  permit  an  to  evaluate  to  an  mleft.il  value  Ibis 
assumption  is  pielened  over  the  use  of  floor  or  ceilim:  functions  because  it  will  be  useful  to  idcnhfv  the  particular  values  of  n  and 
because  n  makes  the  mathematical  formulae  more  readable 


4.  Areas  and  Aspect  Ratios 


The  si/.c  and  shape  of  a  rectangle  is  uniquely  determined  by  its  length  /.  and  its  width  IT,  where  we  shall 
assume  that  L  >  IV  >  0.  But  there  is  another  coordinate  space  for  specifying  si/cs  and  shapes  of  rectangles — 
area  and  aspect  ratio.  Kveryone  is  familiar  with  area  and  knows  that  the  area  can  be  defined  as  the  product 
/.  IT.  Ilie  aspect  ratio  a  is  defined  as  the  quantity  1(7/ .,  which  by  this  definition,  is  less  than  or  equal  to  one. 
Given  the  area  and  aspect  ratio  of  a  rectangle,  its  length  and  width  are  given  by  /  »  V/l/a  and  IT*  s/a  A  . 

Suppose  a  graph  has  a  VI  SI  layout  of  area  A  and  aspect  ratio  a.  It  is  natural  to  ask  whether  there  are 
other  layouts  of  the  graph  that  have  different  dimensions  but  similar  area.  'ITie  following  theorem  shows  that 
a  long  and  skinny  layout  can  be  made  into  a  square  layout  (aspect  ratio  of  one)  by  paying  only  a  constant 
factor  increase  in  area. 

Theorem  I:  If  the  bounding  rectangle  of  a  given  layout  has  area  A,  then  there  exists 
topologically  equivalent  layout  that  can  be  enclosed  in  a  square  whose  area  is  at  most  3 A. 

Proof.  I  ct  the  length  and  width  of  the  original  layout  be  integers  /.  and  W.  If  I.  <3W,  then  a  square  with 
side  /.  satisfies  the  constraints  of  the  theorem.  Now-  suppose  /.  >  3>V.  The  layout  can  be  sliced  in  several 
places  and  "folded"  like  a  roadmap  with  the  severed  wires  connected  around  the  comers.  Figure  4  shows  a 
square  with  side  s-  [  vTT  J  in  which  a  rectangle  has  been  folded.  This  rectangle  is  the  longest  rectangle  of 
width  IT  that  can  be  folded  into  the  square,  and  so  if  we  can  prove  that  die  length  of  this  rectangle  is  at  least 
I.,  dicn  we  will  have  demonstrated  that  the  original  layout  can  also  be  folded  to  fit  in  die  square. 


Figure  4:  A  layout  can  be  "folded"  to  fit  into  a  square. 

l  et  k  =  [,s/IT|  be  the  number  of  pieces  into  which  this  longest  rectangle  of  width  IT  has  been  folded. 
The  rectangle  is  made  up  of  two  long  pieces  and  1.-2  short  pieces.  Since  /  >  e  1 1  implies  v  >  (IT.  the  short 
pieces  must  lie  at  least  s/3  grid  units  long,  and  the  long  pieces  must  have  Tr.-th  at  lc.i  t  ?\/3.  Thus  the  total 
length  of  the  folded  rectangle  isat  least  (k-2)s/3  t  2(2\/3)  -  s(k  +  2)/3. 

Because  k  is  the  largest  number  of  pieces  of  width  ITth.it  m  Iv  folded  info  the  square.  K  follows  that 
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k+ 1  pieces  of  width  If' will  not  fit.  Therefore,  die  length  s  of  (lie  side  of  the  square  must  be  strictly  less  titan 
H'(k+l).  which  means 

s  <  H'(*+l)-l. 

By  definition  ofs,  die  quantity  (.v+1)2  must  be  strictly  larger  dian  3  A,  and  hence 

31. W  <  (s+1)2-  I  =  s(s+2). 

Substituting  for  s, 

3 LW  <  j(M'(A>1)-  1  +2) 

=  s(\V(k+\)  +  1) 

<  slV(k+2) 

since  IV  >  1.  Cancelling  IV  from  both  sides  and  dividing  by  three  yields  /.  <  s(k+ 2)/3.  But  the  righthand 
side  of  this  inequality  is  the  value  that  we  earlier  demonstrated  was  less  dian  or  equal  to  die  total  length  of  the 
folded  rectangle.  Thus  /.  is  less  than  this  total  length,  which  was  to  be  proved.'1  □ 

Can  one  "unfold"  a  square  layout  to  make  it  arbitrarily  long  and  skinny  without  paying  a  large  increase  in 
area?  Not  always,  and  a  unit  square  layout  provides  the  counterexample.  If  we  insist  th.it  the  side  of  the 
square  be  large,  the  answer  is  still  no.  For  example,  we  showed  in  die  introduction  that  an  n-lcaf  complete 
binary  tree  can  be  laid  out  in  O(w)  area.  But  in  Section  9.  we  shall  prove  that  the  minimum  dimension  of  that 
area  must  have  order  at  least  Ig/t.  Thus  to  achieve  good  upper  bounds  for  layouts,  it  seems  prudent  to  avoid 
those  that  have  stnall  aspect  ratios. 

Hie  technique  presented  in  Section  6  to  construct  area-efficient  layouts  recursively  bisects  rectangular 
areas,  io  avoid  creating  arbitrarily  long  and  skinny  rectangles  during  the  recursion,  it  is  important  that  the 
aspect  ratios  of  the  generated  rectangles  be  bounded  below  by  a  positive  constant.  ITic  next  lemma  sets  forth 
conditions  whereby  a  rectangle  whose  aspect  ratio  is  so  bounded  can  be  bisected  into  two  rectangles  whose 
aspect  ratios  are  similarly  bounded. 

l  emma  2:  1  ct  R  be  a  rectangle  with  area  .1  and  aspect  ratio  aR.  where  aR  >  a  for  some  a 

in  the  range  0  <  a  <  1/2.  Suppose  R  is  bisected  parallel  to  its  short  side  into  two  rectangles 

R ,  and  R 3  whose  areas  /Ij  and  /f,  arc  and  (I-£M  for  some  £  in  the  range  a  <  £  <  1-ct. 

Ilicn  the  aspect  ratios  of  the  subrcctangles  arc  bounded  below  In  a.  that  is.  ir,.  >  a  and 

-  A,  - 

<V<r 

Proof  Without  loss  of  generality,  we  consider  R j  only.  Hie  proof  may  he  broken  into  two  eases.  If 

i  >  aR.  then  the  aspect  ratio  of  R]  is  Ibis  is  hounded  below  by  a  since  a  <  aA,  implies  that 

a  <  o/£  <  oR/i .  On  the  other  hand  if  i  <  aR.  then  the  aspect  ratio  of  R{  is  £/oK.  But  a  hounds  £  from 
below,  and  hence  a  <  o/oR  <  %/oR.  □ 

Suppose  a  square  is  divided  into  two  rectangles  so  that  the  ratio  of  the  area  of  the  smaller  to  the  larger  is 
at  worst  a/{\-a).  and  then  the  rectangles  are  themselves  subdivided  by  at  worst  the  same  ratio  of  areas,  and 
so  forth,  l  emma  2  says  th.it  if  the  bisection  is  always  parallel  to  the  short  side,  then  no  rectangle  is  ever 
generated  whose  aspect  ratio  is  worse  than  a.  I  lie  divide-.md-conquer  construction  in  Section  6  will  use  this 
result. 


'll  'In  mill  lx-  mentioned  thm  :i  win  si  r  ise  is  achieved  vs  hen  a  nneby-five  rcctanelc  is  folded  into  a  thiee-bv-lliive  sqinre 
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5.  A  Nonlinear  Recurrence 


Suppose  .S'  is  a  class  of  graphs  for  which  an  /(/i)-scparaU>r  theorem  has  been  proved.  In  Section  6  wc 
shall  show  how  to  lay  out  any  graph  in  .S'.  In  this  section,  wc  investigate  a  nonlinear  recurrence  equation  that 
will  be  used  to  relate  /(«)  to  the  area  of  the  layout. 

I.ct/I(l)bc  a  positive  constant,  and  let  .4  (//)  be  denned  on  any  integer  n  >  2  by 

A(n)  =  max  ( A  ( an)  +  A  (( 1  -  a  )n)  +  2/(  n)  V  .i  ( <»  n)  +  A  (( 1  -  n  )/i)  +  f2(n))  (1) 

as<a<l-ots 

=  max  (\/.l(a/;)+/)((l-«)/))  +  f(n))7, 
as<a<l-as 

for  some  0  <  as  <  1/2. 

Given  a  particular  /(«),  there  arc  standard  methods  for  solving  such  a  recurrence.  We  shall  use  a 
technique,  however,  that  w  ill  enable  us  to  solve  tins  recurrence  for  broad  classes  of  /(n).  Wc  shall  define  a 
simpler  function  B(n)  which  will  be  shown  to  have  the  property 

AO i)  <  nB7(n)  (2) 

for  all  n.  I$>  providing  an  upper  bound  for  B(n),  it  will  be  easy  to  use  (2)  to  bound  A(n). 

Wc  define  B(n)  as  V A ( 1 )  for  n  =  1,  and  as 

B(n)  =  max  (B(an)  +  f(n)/\fn) 

for  n  >  1.  Property  (2)  holds  for  n  =  1  by  the  definition  of  /i(l).  Making  the  inductive  assumption  that  it 
holds  for  values  less  than  n. 


i(n)  < 

max  (V  ctnB’  (an)  +  (l-«)»/l7 ((l-a)ri)  +  f(n))7 

o^.<a<y~a^ 

< 

max  (VanB7  (an)  +  (\-a)nB7  (an)  +  f(n))7 

< 

max  (V  nB2(an)  +  f(n)Y 

l'Q^. 

< 

max  n{B(an)  +  f(n)/\/n)2 

0i.Sa<I-«A. 

=  nB2(n). 

l  ine  (3)  in  this  proof  follows  from  the  consideration  of  two  cases.  If  B(an)>  B((\-a)n)  for  die  value  of  a 
that  realizes  the  maximum,  then  (3)  be  derived  from  the  previous  line  by  straightforward  substitution  of 
Itinii)  for  B((  1  -<»)//).  On  the  other  hand,  if  B(nn)<  //((l ~a)n),  then  substitution  of  B(ll-a)u)  fi>r  B(an) 
followed  bv  a  change  of  variable  of  l-«  for  «  yields  the  same  result. 


It  remains  to  evaluate  />'(>/)  which,  except  for  the  maximization,  is  a  simple  div ide-and-conquer 
recurrence  that  can  be  solved  by  iteration.  Ilms 


v,  here  r  < 


fin) 

Ha. 

n) 

/'((».  aye ) 

.  +  arn) 

(4) 

- 

+  — pJ 

— 

+ - ; — L--~ -  +  .  ■ 

V  n 

V  n 

,  n 

V  (tjtxoi 

l  W  ( x 

av... 

.  a 

is  the  v.,1  1  ot  a  1 

hat  realizes  the  m.ivi 

mum  at  each  stage  of  the 

iteration:  and  die  product  «!«, . . .  ar  equals  !//;.  Upper  bounds  for  liquation  (4)  can  be  determined  on  the 
basis  of  suitable  assumptions  about  fin).  The  upper  bounds  in  Table  1  were  determined  by  evaluating  this 
summation  according  to  the  indicated  assumptions  about  fin).  The  lower  bounds  for  A(n)  were  derived  by 
defining  a  function  C(/t)  which  is  similar  to  Bin)  but  which  provides  the  bound  A  in)  >  nC7(n). 


Table  1:  Solutions  of  Recurrence  (l). 


fin) 

Bin) 

Ain) 

0 (««).  q  <1/2 

0(1) 

0  («) 

0(Vn  lgM,  k>0 

0(lg*+,n) 

0 («  lg2*+2n) 

q>  1/2  f 

0  {fin)/VTi) 

0(/2(n» 

tSec  text  for  an  explanation  of  this  entry 


To  demonstrate  the  tipper  bound  results  for  die  third  entry,  it  is  insufficient  to  assume  only  that 
fin)  =  for  some  q  >  1/2  as  the  table  implies.  In  addition  the  function  fin)/Vn  must  be  well-behaved 
in  the  follow  ing  sense. 

Definition'.  A  function  gin)  is  said  to  satisfy  Rtguhniiy  (  OnJitinn  Cl  if  there  exist  positive 
constants  Cj  and  /il  such  that  Cj  <  1,  /il  <  1/2.  and  gifin)  <  i\gin)  for  .til  sufficiently  large  n 
and  all  /?  in  the  range  <  1  -/?r 

Making  die  assumption  that  fin)/Vn  satisfies  Condition  Cl  widi  /?,  =  «v.  we  can  now  prove  die  diird 
line  of  the  table.  For  large  n  and  a \.  <  oq  <  1-a^,  vve  have 

fia.n)  f(n) 

T7=^=~  ^  C\T7T' 

va^n  vn 

and  in  general  for  each  term  in  Kquation  (4) 

finxa7  ■  ■  ■  ctkn)  <  /(") 

VwjWj  . . .  akn  ~  1  Vn 

Substituting  these  terms  in  liquation  (4)  gives  the  bound 

B{n)  <  -’J)-  ( 1  +  c,  +  c2  +  ...  )  +  constant, 

Vn 

which  is  0(fin)/Vn)  since  r,  <  1.  Ihe  constant  arises  from  die  finite  number  of  values  that  arc  not 
sufficiently  large  according  to  the  regularity  condition. 

We  have  just  shown  that  the  third  entry  in  the  table  holds  \i  fin)/ Vn  satisfies  Condition  Cl.  What  can 
be  deduced  from  a  weaker  assumption?  Suppose,  for  example,  that  we  only  assume  dial  fin)/Vn  is 
inonotonically  nondecreasing,  that  is 
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fian)  <  fin) 

\fai\  ~  'fn 

for  all  n>  2  and  all  a  in  the  range  av  <  a  <  1-a.  Since  dicrc  arc  only  0(lg  n)  terms  in  the  summation  (4),  it 
follows  that  /J(«)  =  0((/(w)lg «)/%/«)  and  Ain)  =  0(/J(/i)lg2«).  A  factor  of  lg2«  in  area  is  paid  because 
monotonicity  is  a  weaker  constraint  than  Regularity  Condition  Cl  on  the  wcll-behavedncss  of  f(n)/Vn . 

The  layout  construction  of  the  following  section  will  need  to  assume  that  Ain)  is  itself  well-behaved 
according  to  a  different  regularity  condition. 

Definition:  A  function  gin)  is  said  to  satisfy  Regularity  Condition  C2  if  there  exist  positive 
constants  c2  and  ft2  such  that  If  <  1/2  and  giftn)>  t\g ( n )  for  all  n>  2  and  for  till  ft  in  the 
range /J 2  <  ft  <  \  -ftr 

Hie  qualification  “for  all  n  >  2“  in  this  definition  seems  to  be  stronger  than  the  phrase  “for  all  sufficiently 
large  n"  which  was  used  in  the  definition  of  Regularity  Condition  Cl.  If  all  the  values  of  gin)  arc  positive, 
however,  die  two  qualifications  arc  equivalent — although  the  values  for  the  constants  may  be  different. 

Condition  C2  is  always  satisfied  by  the  solutions  of  Ain)  shown  in  the  first  two  lines  of  Table  1,  but  not 
necessarily  by  diat  in  the  diird  line.  To  guarantee  that  I  In)  satisfies  Condition  C2  in  Uiis  instance,  it  is 
sufficient  to  assume  that  fin)  itself  satisfies  Condition  C2  in  addition  to  the  previous  assumption  that 
fin)/yfn  satisfies  Cl. 

Die  reader  should  be  aw  are  dial  most  of  the  functions  arising  from  a  separator  theorem  will  indeed  satisfy 
these  regularity  conditions.  As  an  example,  the  conditions  arc  satisfied  by  all  functions  of  die  form  cnq\gkn 
for  constants  e.  q.  and  k  such  that  c  and  q  are  postivc.  Similar  regularity  conditions  arc  assumed  elsewhere  in 
die  literature  (e.g.  [1],  [3),  and  [4))  in  order  to  determine  die  asymptotic  behavior  of  general  complexity 
functions. 

6.  Area-Efficient  Layout  Construction 

Area-efficient  layouts  can  be  obtained  through  the  use  of  the  dividc-and-conqucr  paradigm.  'Ihis  section 
presents  a  construction  which  takes  a  graph  and  divides  it  into  two  subgraphs  which  are  recursively 
embedded.  Ihc  two  sublayouts  arc  then  sliced  to  expose  the  vertices  with  edges  in  die  cut  set  and  diet!  those 
edges  arc  routed  as  described  in  Section  2. 

Theorem  3:  Let  S  be  a  class  of  graphs  for  which  an  /(n)-scparator  theorem  has  been 
proved,  and  let  «v  and  r  .  be  the  constants  postulated  by  die  separator  dicorctn.  If  Ain), 
which  is  defined  by  /t(n)  =  l/cv:  for  n  -  1,  and 

A(n)  -  max  ( + ,! (( 1  -«)»)  +  fin))2,  (5) 

<  1 

for  n>  1.  satisfies  Regularity  Condition  C2  with  < ,  =-  (xv  ;ind  /?,  -  o^.  then  any  /i-vcrtex 
graph  (i  in  .S  can  be  embedded  in  any  reel. ingle  whose  area  is  at  least 

1  ^  1  n)  -=  I4<|s?/(rs.)  ,1(n),  (6) 

and  whose  aspect  ratio  is  at  worst  av.? 


'  lluMhi:  cnirscN  Ini  ff/.-f  in  l.iMc 


(.;ii  K  iiM  vl  {<>  t'v.ih.Mk-  .  mihv  ih*.  >  n*.o  lint  non*  i  b.  .i!  rrn'V 


'i.mt  r.uMor. 
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Proof.  I. ci  (7  be  an  //-vertex  graph  in  .S'.  Hie  following  recursive  construction  shows  how  to  embed  G  in  a 
rectangle  R  whose  aspect  ratio  aR  is  at  most  o,  and  whose  area  is  /lv(/i).  Without  loss  of  generality,  view 
rectangle  R  so  that  die  longer  side  which  has  length  L(R)  =  V A s(n)/oR  is  parallel  to  the  horizontal  axis,  and 
so  that  the  shorter  side  which  has  length  ‘W(R)  =  VaKAs(n)  is  vertical. 

Step  0.  Initial  condition.  If  //  =  1  then  the  graph  G  is  just  a  single  vertex.  Rectangle  R,  which  has  area 
A  (1).  must  contain  a  grid  square  because  each  dimension  of  R  is  at  least  two,  a  fact  diat  is  easily  verified. 
Thus  die  theorem  is  true  for  the  initial  condition  by  simply  embedding  the  single  vertex  in  die  grid  square  and 
returning  this  layout  as  the  result  of  the  construction. 

Step  1.  Partition.  Using  the  f(n)-scparnlor  theorem,  divide  G  into  two  disjoint  subgraphs  <7j  and  <72 
which  have  aGn  and  (l-at(.)«  vertices  respectively,  where  as  <  a(.  <  1  -«v.  Ilic  number  of  edges  in  die  cut 
set  is  at  most  c$f{n). 


Figure  5:  I  be  relationships  among  rectangles  in  Step  2. 

Step  2.  Solve  the  snbproblrnis.  Remembering  that  rectangle  R  is  oriented  with  its  longer  side  horizontal, 
define  A’n  to  be  a  similar  rectangle  to  R  that  has  area  z1v(«0.h)  +  /1v((  1-«(  )/i)  and  sits  in  the  lower  left  corner  of 
R.  (See  Figure  5.)  AppK  l  emma  2  with 
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£  _  A(a(.n)  _  _ -is  (<y<) 

•1  (a(Ji)+  .-f  (( 1  —  a(.  )n )  As  ( a(.  //)  +  /I  v((  1  -  a(< )//) 

to  divide  RQ  into  two  rectangles  R{  and  R7  whose  areas  are  As(aun)  and  ,tv((  1  -a(i  )/i).  Ilie  aspect  ratios  of  R} 
and  R2  arc  bounded  below  by  since 

A(a..n)  A(a,n )  A(O-a.)ti)  A((l-ar)/i)  . 

o  <  - k —  <  - k -  <  1 - k - __  <  1  - k —  <  1  -  a... 

A(n)  /!(«, .;/)  +  /!  «l-a(>)/i)  ,l(a(./i)  +  .l((l-a(.)H)  A(n) 

which  follows  from  the  definition  (5)  of  A(n)  and  Regularity  Condition  C2.  Now  solve  the  subproblcins  by 
recursively  embedding  (l]  in  R  and  6,  in  Ry 

Step  3.  Many  the  subproblcins.  for  each  of  the  esf(n)  edges  in  the  set  of  removed  edges,  make  at  most 
two  horizontal  and  two  vertical  slices  through  A’()  to  route  the  edge  between  its  incident  vertices  as  was  shown 
in  Figure  3.  The  length  of  this  new  layout  is  JL(/\*0)+2  cv/(/i)  and  its  width  is  IffA’  )+2c.. /(/t).  It  remains  to 
be  show  n  that  this  layout  actually  tits  in  rectangle  R,  viz. 

UR)  >  UR0)+2csf(n).  (7) 

W(/f)  >  1f(A0)  +  2  cv /(//).  (8) 

To  prove  these  inequalities,  mathematical  induction  can  be  used  to  give  an  alternative  definition  of  As(n) 
to  that  of  Fquation  (6):  As(n)  =  4 /as  for  n  =  1.  and 

As(n)  =  max  ( V  l^.(au)  +  A^  ((l-n)n)  +  2c^f(n)/Va^)7 
as<a<l-°s 

for  n  >  1.  We  can  now  use  this  definition  prove  Inequality  (7)  since 
UR)  =  \ZAs(n)/oJI 

>  V(A^(non)  +  A;>(0-ao)u))/a//  +2 csf(n)/\/osaR 

>  UR0)  +  2csJ\n). 

which  follows  from  the  fact  that  asaR  <  1.  The  proof  of  Inequality  (8)  makes  use  of  the  fact  that  as  <  aR. 
whence 

W(R)  =  V aR  A^. (n) 

>  (V4sA<\tM)+As((}-aG)n)  +  2 csf(n)/Va^) 

>  Iff  R0)  +  2  rs  /( ft)  s/oR/os 

>  V(i?0)  +  2cs/(«). 

We  have  shown  that  the  layout  actually  fits  within  the  bounds  of  rectangle  R  which  completes  the  proof 
of'lhcorcm  3.  □ 


7.  Corollaries  of  the  Main  Result6 

Upper  bounds  on  the  areas  of  VI.SI  layouts  for  many  graphs  can  he  immediately  derived  as  consequences 
Theorem  3  and  Table  1.  Some  of  these  corollaries  are  enumerated  in  Table  2. 

Table  2:  Areas  of  graphs. 


Class  of  graphs 

Area  of  layout 

Irccsf 

0(/i) 

Planar  graphs 

0(nlg2  n) 

Outerplanar  graphsf 

0  («) 

X -trees  (/i  =  2k  )f 

o(«) 

A-dimcnsional  meshes  (A  >  2)f 

0(^-2/*) 

Graphs  of  genus  A  (A  >  0) 

0(A2  nig2 «) 

Shuffle-exchange  (n  =  21  ) 

OW/\g  n) 

Cube-conncctcd-cyclcs  (n  =  A2*)f 

0(//2/lg2n) 

T  Hi  esc  results  arc  optimal  to  within  a  constant  factor. 


Ihc  separator  theorems  of  Section  3  produce  the  first  two  results  of  the  table.  Since  the  class  of  tree 
graphs  hits  a  1 -separator  theorem,  the  first  line  of  Table  1  says  that  any  tree  or  forest  of  trees  has  a  layout 
whose  area  is  linear  in  the  number  of  vertices.  Upton  and  Tarjan’s  Vn  -separator  theorem  for  planar  graphs 
gives,  according  to  line  2  of  Table  1.  an  0(/ilg‘/i)  area  upper  bound  for  the  layout  of  any  planar  graph  of  n 
vertices. 

Outerplanar  graphs  arc  triangulations  of  polygons,  perhaps  with  some  edges  removed.  The  author  has 
been  able  to  prove  a  1 -separator  theorem  for  the  class  of  outerplanar  graphs,  and  thus  these  graphs  hav  e  linear 
area  layouts.  The  separator  theorem  for  trees  is  subsumed  by  this  result  because  every  tree  is  an  outerplanar 
graph. 

Ihc  X-tree  graph  1 1 9],  which  is  shown  in  Figure  6.  is  a  complete  binary  tree  with  brother  connections. 
One  could  attempt  to  lay  out  this  graph  by  modifying  the  1 1-trcc  layout,  but  proving  that  the  class  of  X-trecs 
has  a  Ig  /i-scparator  theorem  is  easier.  Bisect  the  graph  with  a  vertical  line  that  cuts  at  most  <lgu)+l  edges. 


°Thc  results  reported  in  this  section  on  tier*  amt  planar  craphs  have  been  discovered  independent!)  bv  I  (}  Valiant  |?4|  In  fact. 
Valiant  was  able  to  'how  that  trees  (.mild  be  laid  out  m  linear  area  with  no  ciossovcis  K  \V  1  low!  and  .1  I)  I  llm.m  |(>]  have  also  used 
'iniil.ii  tc<  brn  iia>  »o  slum  that  ain  regular  expression  rati  be  recofiu/ed  bv  a  linear-area  circuit 


bach  of  the  two  halves  can  he  bisected  similarly,  once  again  anting  at  most  (lg/t)+l  edges,  where  n  is  now  the 
number  of  vertices  in  the  half.  Since  lga  =  0(/i<#)  for  any  positive  q.  l  ine  1  of  Table  1  shows  that  any  \-trcc 
can  be  laid  out  in  linear  area. 


Figure  6:  The  X-tree  on  31  =  2s  -  1  vertices. 


A  ^-dimensional  mesh  is  a  graph  in  which  each  vertex  is  connected  to  its  nearest  neighbor  in  each  of  k 
dimensions.  Any  class  of  ^-dimensional  meshes  for  some  constant  k  has  an  easily  proved  /i1"1  ^-separator 
theorem,  and  thus  if  k  >  3,  an  /(-vertex  graph  in  the  class  has  an  0(n2~2'k)  area  layout  by  virtue  of  Line  3  of 
Table  1. 

A  graph  of  genus  k  is  a  graph  that  can  be  drawn  with  no  crossovers  on  a  sphere  that  has  k  handles 
attached.  It  has  been  shown  (2|  that  there  is  a  subset  of  0(/.vV)  vertices  whose  removal  yields  a  planar 
graph.  Applying  l.ipton  and  Tarjan's  result  gives  a  k\/n  -separator  theorem.  Line  2  of  Table  1  provides  an 
upper  bound  of  O  (k2  n\g2n)  for  the  layout  area  of  an  /(-vertex  graph  of  genus  k. 

h 

In  [9],  Hoey  and  this  author  prove  a  separator  theorem  for  the  shuffle-exchange  graph  120]  on  //  =  22 
vertices.  Although  the  function  in  this  separator  theorem  does  not  satisfy  the  regularity  conditions  of 
Section  5.  the  techniques  of  this  paper  do  apply,  and  a  0(//2/lg/i)  area  layout  can  be  obtained.  Recently, 
how  ever,  we  have  been  able  to  improve  this  result  by  showing  that  the  0(/r /lg  n)  bound  holds  for  all  shuffle- 
exchange  graphs  on  //  =  2*  vertices.  This  new  result,  however,  docs  not  die  techniques  in  this  paper. 

Preparata  and  Vuillcmin  provide  an  0(/i2/!g2//)  area  VLSI  layout  for  their  cubc-connectcd-cycles 
network  [18]  on  n  =  k  2*  vertices.  Ihc  topology  of  this  network,  which  is  depicted  in  L'igurc  7,  can  be  derived 
from  a  boolean  bypcrcubc  of  2*  vertices  by  replacing  caclt  vertex  w  ith  a  cycle  of  k  vertices.  Ibis  graph  has  a 
tt/ig  /(-separator  theorem  since  removing  ail  edges  in  one  dimension  of  the  original  hvpercubc  bisects  the 
graph,  removal  of  those  in  another  bisects  the  halves,  and  so  forth  for  all  k  dimensions.  Ihc  area  bound 
0(/r/lg2/()  that  is  given  by  l.inc  3  of  Table  I  is  the  same  as  the  area  of  the  layout  which  is  given  in  [18]. 


l'igurc  7:  Ihc  cubc-connectcd-cycles  network  on  21  =  3  21  vertices. 
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Upper  bounds  in  Table  2  that  arc  optimal  to  within  a  constant  factor  arc  so  designated  in  the  table.  Ihc 
linear  upper  bounds  are  clearly  optimal  because  every  graph  requires  12 (n)  area.  Ihc  other  lower  bounds  can 
be  obtained  from  a  result  of  Thompson  [23].  Ihc  minimum  bisection  width  of  a  graph  is  defined  to  be  the 
minimum  number  of  edges  that  must  he  cut  to  divide  tire  graph  into  a  [ ///2J -vertex  graph  and  a  [/;/2]-vcrtcx 
graph.  Ihompson  proves  that  the  area  of  a  graph  has  order  at  least  the  square  of  the  minimum  bisection 
width  of  the  graph.  This  lower  bound  argument  is  surprisingly  similar  to  an  analysis  of  printed  circuit  boards 
given  in  [21], 

Using  another  of  Ihompson’s  arguments,  it  can  be  shown  that  the  shuffle-exchange  graph  and  the  cube- 
connected-cyclcs  graph  have  minimum  bisection  w  idths  of  order  at  least  /;/lg«.  Ihis  arises  from  the  fact  that 
these  networks  can  realize  an  arbitrary  permutation  in  0(lg/i)  communication  steps,  finis  if  one  of  these 
graphs  is  partitioned  into  two  halves,  it  must  be  possible  to  swap  data  items  between  the  halves  in  O(lgu) 
time.  Since  there  arc  il(n)  data  items  to  be  swapped,  at  least  order  n/lgn  data  cross  between  the  halves 
during  each  time  unit,  and  hence  the  minimum  bisection  width  of  these  graphs  is  12(n/lg/t).  Ihc  area  of  any 
VLSI  layout  for  these  graphs  must  therefore  have  order  at  least  »?/lg2u.  Thus  the  upper  bound  for  the  cttbc- 
conncctcd-cyclcs  graph  is  optimal,  but  there  is  a  discrepancy  in  the  bounds  for  the  shuffle-exchange  graph. 

There  is  also  a  discrepancy  in  the  the  upper  and  lower  bounds  for  planar  graphs.  Hie  methods  given 
above  give  only  a  linear  area  lower  bound  compared  with  the  0(/;lg2//)  upper  bound.  Ihe  author  believes  it 
more  likely  that  the  upper  bound  can  be  improved  because  he  knows  of  no  planar  graph  that  requires  more 
than  linear  area,  and  in  addition,  planar  graphs  appear  to  have  considerably  more  structure  titan  is  captured 
by  the  VTi  -separator  theorem  alone. 


8.  An  Efficient  Implementation  of  the  Layout  Algorithm 

If  a  separator  theorem  can  be  proved  for  a  class  of  graphs.  Theorem  3  can  be  used  to  give  an  upper  bound 
on  the  area  of  a  VI  .SI  layout  for  a  graph  in  the  class.  If.  however,  a  separator  algorithm  is  gi\  cn  for  the  class  of 
graphs,  the  steps  in  the  proof  of  Theorem  3  constitute  an  algorithm  that  can  construct  a  VI  . SI  layout  for  a 
graph  in  the  class.  In  this  section,  we  provide  an  efficient  implementation  of  this  algorithm  and  analy  ze  its 
performance. 

Ihe  layout  algorithm  uses  the  separator  algorithm  as  a  subroutine,  and  therefore,  has  an  execution  time 
that  depends  upon  the  efficiencies  of  both  this  subroutine  and  the  bookkeeping  necessary  for  the  production 
of  a  layout.  Ihc  analysis  here  reflects  this  dichotomy.  The  total  time  required  to  lay  out  a  graph  of  n  vertices 
can  be  expressed  as  the  sum  of  (/)  the  total  time  devoted  to  the  repeated  executions  of  the  separator 
subroutine  on  the  generated  subgraphs  plus  (//) the  time  devoted  to  die  management  of  the  layout 
representation.  I.atcr  in  this  section,  we  shall  present  a  fast  bookkeeping  scheme  that  is  based  on  the  Union- 
1  im>  algorithm  analyzed  by  larjan  [22].  Hut  first,  we  analyze  the  amount  of  time  required  by  live  many 
executions  of  the  separator  subroutine. 

Ihc  layout  procedure  has  no  direct  control  over  the  efficiency  of  the  separator  subroutine.  In  fact,  it 
might  be  the  case  that  .ill  the  graph  bisections  have  been  previously  computed  so  that  the  subroutine  is 
deccmively  fast,  lor  the  analysis  here,  however,  we  assume  that  the  subroutine  is  invoked  in-line,  and  that 
s (//)  is  the  time  required  by  the  separator  subroutine  to  bisect  a  graph  of  n  vertices.  We  can  express  the 
relationship  of  the  total  amount  of  lime  required  for  all  executions  of  the  subroutine  during  the  lay  ing 
out  of  a  graph  of  n  vertices,  to  v(/i)  In  the  reciit  rent  e  .V(w)  -  I  for  n  =  1.  and 


IS 


S(n)  =  S(an)  +  S((\-a)n)  +  s(n)  (9) 

for  n  >  1,  where  a  varies  in  the  range  as  <  a  <  l-as. 

Bounds  for  S(n)  can  be  determined  by  the  same  technique  used  to  solve  Recurrence  (1).  Define 
R(n)  =  A’(l)  for  n  =  1,  and 

/?(«)  =  max  R(an)  +  s(n)/n. 
as<a<\-as 

for  n  >  1.  The  bound 

S(n)  <  n  R («), 

which  holds  for  die  ease  n  =  1,  also  holds  for  all  values  of  n  greater  than  one.  as  is  shown  by  induction: 

S(n)  <  anR (an)  +  (l-a)nR ((l-a)«)  +  s(/i) 

<  max  anR(an)  +  (\-a)nR((\-a)n)  +  s(n) 

as<<x<l-as 

<  max  nR(an)+  s(n) 

<  n  R(n). 

Tlic  results  enumerated  in  Table  3  arc  derived  by  evaluating  R(n)  to  provide  an  upper  bound  on  and 
using  a  similar  function  to  bound  .S'(/i)  from  below.  Let  us  look  at  this  table  in  greater  detail. 

Table  3:  Time  devoted  to  the  separator  subroutine. 


s(n) 

S(n) 

0 («").  q  <  1 

0(/ilg  kn),  k>  0 

nOt"),  q>  It 

0(n) 

e(nlg*+I/t) 

G  (s(n)) 

+Tbc  function  j(n)/nmust  also  satisfy  Regularity  Condition  Cl. 


ITie  first  line  is  a  bit  of  a  red  herring.  It  says  that  if  the  execution  time  of  die  separator  subroutine  is 
polynomial^  less  than  linear  in  the  number  of  vertices  in  the  graph,  then  die  contribution  to  the  total  running 
time  is  linear.  It  should  be  apparent,  however,  that  diis  precondition  is  rarely  satisfied  in  practice.  After  all,  it 
takes  the  subroutine  at  least  linear  time  just  to  look  at  all  of  its  in^ut. 

Ihe  second  line  of  Table  3  is  more  usual — the  subroutine  requires  approximately  linear  time.  In  diis  ease, 
the  total  time  required  by  all  executions  of  the  subroutine  is  only  a  logarithmic  factor  larger  than  the  time 
needed  by  the  initial  invocation  of  the  separator  subroutine  on  the  graph  presented  as  input  to  the  layout 
procedure,  free  graphs  have  a  linear-time  1-separaior  algorithm  that  is  not  difficult  to  construct,  and  tints 
according  to  die  table,  the  layout  algorithm  would  spend  a  total  of  0(«lg«)  time  executing  this  as  a 


I 


16 


subroutine  when  producing  a  layout  for  an  //-vertex  tree.  It  is  remarkable,  but  I  ipton  and  larjans  y/Ti- 
separator  algorithm  for  planar  graphs  also  runs  in  linear  time,  and  tints  only  0(//lg/i)  time  is  needed  lor  all  of 
its  executions. 

The  third  line  of  the  table  says  that  if  the  execution  time  of  the  separator  subroutine  is  poly  normally 
greater  than  linear,  the  time  required  by  the  first  call,  which  bisects  the  //-vertex  input  graph,  dominates  the 
time  for  subsequent  invocations.  Ihis  analysis  is  based  on  the  supposition  that  s (//)///  satisfies  Regularity 
Condition  Cl.  When  only  monotonicity  is  assumed,  the  total  time  is  0(.s(/;) lg «))- 

Now  that  the  costs  due  to  the  /(n)-separator  algorithm  have  been  determined,  we  turn  our  attention  to 
the  bookkeeping  required  to  maintain  the  layout  representation,  Ihe  implementation  proposed  here  makes 
extensive  use  of  the  Umon-1-'im>  algorithm  analyzed  by  Tarjan  [22],  Ibis  algorithm  provides  two  instructions 
for  the  manipulation  of  disjoint  sets.  I-'lM)(.v)  determines  the  name  of  the  unique  set  containing  element  x. 
and  l Mo\(  A. )  ./)  combines  die  elements  of  sets  .V  and  Y  into  a  new1  set  /.  ihe  analysis  in  [22)  shows  that 
the  time  required  to  execute  n  Union  operations  intermixed  with  m  >  n  Find's  is  O (m  ainui))  where  n(m.ii) 
iv  related  to  a  functional  inverse  of  Ackcrmann's  function  and  grows  extremely  slowly.7  We  do  not  go  into  a 
description  of  the  algorithm  here — a  good  one  can  be  found  in  [1) — but  we  shall  use  the  Union  and  Find 
operations  and  the  results  of  Tarjan 's  analysis. 


Figure  8:  ITc  representation  of  a  layout. 


The  key  to  the  performance  of  the  layout  procedure  is  die  sparse  representation  of  layouts  depicted  in 
Figure  8.  Tach  important  point  of  the  layout  is  kept  in  two  sets,  an  x-set  which  represents  its  v-coordinalc  in 
the  layout  and  a  y-sei  which  represents  its  .coordinate.  Ihe  important  points  in  the  layout  are  the  vertices  in 
die  graph  and  the  endpoints  of  the  horizontal  and  vertical  edge  segments.  Hie  UniovI-ind  data  structure 
maintains  the  relationship  between  a  point  and  its  corresponding  v-  and  rscls.  In  Figure  S,  this  association  is 
denoted  hv  the  curved  arcs.  All  the  x-  and  rsets  for  a  layout  arc  kept  in  linked  lists.  Ihe  actual  .coordinate 
represented  by  a  given  .x-set  is  therefore  determined  by  its  distance  from  die  head  ol  the  list.  Pointers  arc 
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l.iri.in  comments  that  lnr  all  piai'tiral  pul  poses.  II  is  less  (han  or  eijiial  lo  three 
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used  to  maintain  relationships  between  points.  For  example,  an  edge  segment  is  represented  by  a  pointer 
between  its  endpoints. 


DSnOODMDa 


□asoonama 
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Figure  9:  Routing  an  edge  by  slicing. 

'I'hcrc  arc  two  important  operations  that  must  be  performed  during  the  layout  algorithm— slicing  a  layout 
to  route  an  edge  and  combining  two  sublayouts  into  a  single  layout.  Routing  a  new  edge  between  two  vertices 
by  slicing  can  be  accomplished  easily  by  the  following  procedure  which  is  illustrated  in  Figure  9. 
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1.  For  each  of  ihe  vertices.  Find  the  .v-set  and  the  pset  to  which  it  belongs. 

2.  Adjacent  to  these  v-  and  v-sets  in  the  linked  lists,  insert  new  a-  and  psets.  effectively  adding 
new  slices  of  layout.  Because  pointers  represent  the  hori/ontal  and  vertical  components  of 
previously  routed  edges,  the  components  are  not  severed  and  reconnected  as  was  described 
in  Section  2.  Instead,  they  "stretch"  automatically. 

3.  Add  the  new  points  for  the  edge  to  be  routed  to  the  appropriate  v-  and  psets,  and  route  the 
edge  using  pointers  to  represent  the  edge  components.  Fach  new  point  belongs  to  the  a-  and 
psets  of  the  previous  tw  o  steps. 

Because  we  arc  considering  only  those  classes  of  graphs  which  have  bounded  vertex  degree,  the  number 
of  edges  to  be  routed  during  the  entire  course  of  execution  of  the  layout  procedure  is  linear  in  n.  the  number 
of  vertices  in  the  input  graph.  The  routing  algorithm  above  is  called  once  lor  each  edge,  and  hence  total 
number  of  invocations  is  linear  in  n.  During  each  invocation,  a  constant  number  of  Find's  are  executed,  and 
the  rest  of  the  work  takes  only  constant  time.  Thus  die  overall  cost  is  the  time  to  execute  a  linear  number  of 
Finds  plus  another  term  which  is  linear.  Since  each  Find  requires  more  titan  constant  time,  the  linear 
number  of  Find's  dominates. 

Ihe  cost  of  the  Find's  cannot  be  determined  without  also  knowing  the  number  of  Union's  that  must  be 
performed.  The  layout  algorithm  uses  the  Union  operation  in  die  following  procedure  which  combines  two 
layouts  into  one.  (Without  loss  of  generality,  assume  the  layouts  are  side-by-side  in  x) 

1.  Append  one  linked  list  of  .v-sets  to  the  other.  Ibis  will  produce  a  list  of  .v-sets  for  die 
combined  layout  such  that  all  of  the  ^-coordinates  of  one  sublayout  lie  to  one  side  of  all  the 
A-coordinates  of  the  odier. 

2.  Traverse  both  linked  lists  of  psets,  and  Union  corresponding  psets  to  produce  die  linked 
list  of  psets  for  the  die  resultant  layout.  That  is,  the  Ath  .pset  of  final  layout  is  obtained  from 
the  Union  of  the  Ath  .psets  of  the  sublayouts. 

file  number  of  Union's  varies  each  time  two  layouts  are  combined  because  it  is  dependent  upon  the 
lengths  of  the  linked  lists  that  arc  merged.  If  aR  is  the  aspect  ratio  of  K,  the  rectangle  that  contains  the 
combined  layout,  then  the  length  of  the  linked  list  is  Vas.lv(«)  since  R  is  always  bisected  parallel  to  the 
short  side.  Ibis  leads  to  the  following  recurrence  which  describes  die  total  number  of  Union's  executed  by 
the  layout  algorithm:  l'(n)  =  0  for  //  =  1,  and 

V  ( //)  =  U(an)  +  (J((\-a)n)  +  VaRA^(n) 

for  n  >  1.  where  a  varies  in  the  range  as  <a  <  l-«  and  aR  varies  in  die  range  as  <  aR  <  1-ctv.  Ibis 
recurrence  equation  is  similar  to  Recurrence  (9)  which  describes  time  devoted  to  the  execution  of  the 
separator  subroutine.  In  fact,  the  same  asymptotic  results  enumerated  in  Fable  3  are  valid  when  V As(ii)  is 
substituted  for  sin).  Notice  in  particular  diat  if  /^.(h)  =  0(nQ)  for  some  q  <  2,  then  U(n)  =  0(h). 

We  now  have  a  relationship  between  the  area  of  the  layout  /I  (u)  and  die  number  of  Union's  I’(ii).  But 
/(v(n)  was  determined,  after  all,  by  /(h).  the  width  of  the  separator.  (Do  not  confuse  J'in)  with  ,v(n),  the  time 
required  to  execute  the  separator  subroutine.)  Carrying  this  relationship  through,  the  number  of  Union's 
Vin)  can  be  expressed  in  terms  of  fin),  and  then,  using  the  fact  that  there  arc  only  a  linear  number  of  Find's, 
the  total  time  requited  by  the  management  of  the  layout  representation  can  be  determined,  fable  4 
enumerates  these  results,  where  Tin)  is  the  time  required  by  the  bookkeeping  to  lay  out  a  graph  of  h  vertices. 

The  first  line  of  the  table  can  he  derived  by  observing  that  if  fin)  =  O(h'0  for  q  <  1  and  is  monotonic  if 
fin)  =  S2(  sfn  ),  then  .fin)  ^  i}(  n?,<)  and.  as  was  noticed  earlier,  I  in)  =  O  (n).  Because  the  total  number  of 
Find's  is  also  linear  in  n.  the  total  lime  required  lor  bookkeeping  is  () (n  </(//,//)). 
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Table  4:  T  iine  devoted  to  the  management  of  the  layout  representation. 


fix) 

Tin) 

0(««).  V<lf 

o(».) 

0  (nain.ii)) 

0(/ilg  n) 

f  The  function  /(«)  must  also  be  nionotonic  if  f(n)  = 


The  seeond  line  of  the  table  gives  the  worst-ease  running  time  for  the  bookkeeping  which  occurs  when 
there  is  no  better  than  an  /(-separator  theorem.  In  this  ease  the  area  given  by  the  layout  procedure  is  0(/F), 
and  the  time  to  combine  layouts  is  0(/ilg  /;).  Other  bounds  are  readily  derived  for  eases  when  the  grow  th  of 
fin)  lies  between  nq  for  q<  1  and  n.  For  example,  if  /(/;)=  n/lg/i,  then  the  time  for  bookkeeping  is 
0(//lglg//).  lints  even  if  the  separator  algorithm  is  only  marginally  good,  the  bookkeeping  time  is  nearly 
linear. 


9.  Layouts  with  Collinear  Vertices8 

The  results  of  previous  sections  can  be  applied  to  models  in  which  different  constraints  arc  placed  on  the 
layouts.  In  this  section,  we  consider  layouts  in  which  vertices  are  required  to  lie  on  a  straight  line.  'lTic  results 
for  this  model  can  be  easily  generalized  to  other  models  such  ns  that  in  which  all  vertices  are  constrained  to  lie 
on  the  (convex)  perimeter  of  the  layout.  In  this  section,  the  techniques  used  in  previous  sections  are  employed 
to  provide  area  bounds  for  graphs  based  on  separator  theorems  for  the  graphs.  In  addition,  some  lower 
bound  results  arc  presented  on  the  optimality  of  these  constructions  for  trees  and  planar  graphs. 

Figure  10  shows  how  an  /(//)-scparator  theorem  can  be  used  to  construct  a  layout  with  collinear  vertices. 
First,  the  graph  is  bisected  by  cutting  at  most  csf(n )  edges.  1'hen  layouts  are  recursively  constructed  for  the 
subgraphs  and  arc  placed  side-by-side  along  the  baseline.  Vertical  slices  arc  made  through  the  layouts,  and 
edges  arc  routed  in  the  space  above. 

Ihe  analysis  of  this  construction  is  much  easier  than  that  of  Section  6.  Since  at  most  two  vertical  slices  are 
made  for  each  edge,  the  length  of  the  layout  along  the  baseline  is  O (//).  Ihe  height  H(u)  of  the  layout  is  a 
constant  for  n  -  1,  and 

H(n)  =  max  //(«//)  +  csf(n) 

*s<a<\-as 

for  tt  >  1. 

If  fin)  is  nondccrcasing.  then  //(«)  =  0(/(/;)lg  //)  and  the  total  area  As(n)  is  therefore  0(/(n)nlgn).  In 
particular,  if  /(;;)  =  0(lg*«).  then  fv(«)  =  0(/ilg*+1/i).  If  fin)  is  Sl(//^)  for  some  q>  0  and  /(»)  satisfies 
Regularity  Condition  Cl,  then  //(//)  <=  0(/(//))and  /ly(«)  =  0 (// /(«)). 
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Figure  10:  ITic  construction  of  a  layout  with  unilinear  vertices. 

I'his  means  that  planar  graphs  can  be  embedded  on  a  line  in  0(//V /7T)  area  and  trees  in  0(/;lgn)  area. 
We  now  show'  that  these  embeddings  for  trees  and  planar  graphs  arc  optimal  to  within  a  constant  factor.  A 
similar  result  on  trees  was  independently  discovered  by  Brent  and  Kong  |5]  in  which  they  show  that  in  any 
layout  of  a  complete  binary  tree,  the  area  devoted  to  wire  must  have  order  at  least  nlgn.  1  he  approach  here 
differs  in  that  w<c  show  dial  the  convex  region  containing  die  layout  must  have  S2( //  Ig  n)  area. 

I.eimna  4:  For  any  complcte-binary-trec  layout  of  n  =  2A-1  collincar  vertices  where  A  >  0. 
there  exists  a  perpendicular  to  the  baseline  that  lies  between  die  leftmost  and  rightmost 
vertices  and  cuts  at  least  [  A/2]  edges  and  vertices. 

Proof.  (Induction.)  The  lemma  is  easily  satisfied  for  die  initial  cases  of  n  =  1  and  n  =  3.  For  the  general 
ease,  consider  the  four  subtrees  of  si/e  2t'?-l.  (See  Figure  1 1.)  Call  the  leal  that  is  leftmost  on  die  baseline  v, 
and  let  n  be  die  rightmost  leaf  that  is  in  a  different  subtree  from  v.  Choose  one  of  the  two  subtrees  that 
contain  neither  r  nor  w.  The  inductive  hypothesis  gives  us  a  perpendicular  ih.it  cuts  f(A-2)/2]  edges  or 
vertices  iri  die  subtree.  Since  v  and  ware  in  different  lialfplancs  as  determined  by  the  perpendicular,  die  path 
between  them  must  be  cut  by  the  perpendicular.  But  Uiis  path  is  disjoint  from  the  subtree,  which  means  dial 
one  more  edge  or  vertex  is  cut  for  a  total  of  [A/2].  □ 


Figure  II:  The  construction  in  Lemma  4. 


lliis  lemma  can  be  used  to  show  that  the  minimum  area  of  any  convex  region  containing  a  layout  for  a 
complete  binary  tree  must  be  fi(//lg/t).  The  length  of  the  layout  along  the  baseline  must  be  U{n).  and  as 
demonstrated  by  the  previous  construction,  there  is  a  point  in  the  layout  £2(lg  <i)  away  from  the  baseline.  Hits 
point  and  the  two  points  on  the  limits  of  the  baseline  determine  a  triangle  which  has  tt(n  lg  n)  area.  Since  any 
convex  region  that  contains  these  three  points  must  contain  the  triangle,  so  must  any  convex  region  containing 
the  layout  have  il(n Ig  n)  area. 


Similarly,  the  O (>i\/7i)  upper  bound  on  the  area  for  the  layout  of  an  /(-vertex  planar  graph  is  tight  to 
w  ithin  a  constant  factor  because  a  square  mesh  requires  S2(//\/77 )  area.  I  his  can  be  shown  by  considering  that 
the  minimum  bisection  width  of  an  //-vertex  square  mesh  is  s/Ti .  Thus  the  perpendicular  to  the  baseline 
which  divides  the  vertices  on  the  baseline  into  [///2]  and  \n/2\  vertices  must  cut  s/7i  edges.  Ihe  rest  of  the 
proof  follows  that  for  the  complete  binary  tree. 

Ihe  lower  bound  residts  here  gcnerali/.e  immediately  to  the  model  in  which  all  vertices  are  constrained  to 
lie  on  the  perimeter  of  a  convex  region.  The  perimeter  of  the  region  must  have  length  &(/t)  since  there  are  n 
vertices  on  it.  The  diameter  of  the  region  (the  line  segment  w  hich  realizes  the  greatest  distance  between  two 
points)  must  also  be  Q(n)  since  it  is  no  less  than  a  factor  of  w  times  the  length  of  the  perimeter.  Apply  ing  die 
previous  constructions  to  the  layout,  and  using  the  diameter  of  the  region  as  a  baseline  yields  the  same  lower 
bound  results  as  before.  In  the  case  of  the  mesh,  an  exact  bisection  by  a  perpendicular  may  not  be  possible 
because  some  vertices  may  lie  on  the  perpendicular  itself.  T  his  situation  can  be  avoided  (sec  [?J])  by  putting  a 
unit  jog  in  the  perpendicular  so  that  it  looks  like  a  lowercase  aitch  without  a  left  leg.  Ihe  ‘‘perpendicular"  can 
then  be  adjusted  vertically  to  bisect  the  graph.  For  die  VI  SI  model  used  in  earlier  sections,  a  similar 
construction  shows  that  minimum  dimension  of  any  layout  of  a  complete  binary  tree  must  be  fl(lg  //). 

10.  Perspective 

Most  wire-routing  programs  for  printed  circuit  boards  have  two  phases.  First.  Lhe  chips  are  placed  on  the 
printed  circuit  hoard.  Then  leaving  the  chips  fixed,  wires  arc  routed  one  by  one  using  heuristic  search — 
usually  a  variant  on  the  path-finding  algorithm  attributed  to  I  ce  [12].  Most  hardware  designers  concede  that 
the  first  of  these  two  steps  is  harder.  With  a  good  placement,  routing  is  easy;  with  a  bad  placement,  routing  is 
impossible. 

Most  routers  for  integrated  circuits  use  much  the  same  approach.  Variations  include  polycclls  [15]  and 
Kale  .//Tins.  In  the  poly  cell  approach,  the  components  arc  laid  down  in  horizontal  strips  and  the  channels 
between  die  strips  arc  used  for  routing  the  wires.  Hie  advantage  is  that  the  channel  width  is  not  fixed.  If  a 
channel  has  too  much  congestion,  extra  tracks  can  be  added  easily  in  a  manner  reminiscent  of  slicing.  Hie 
channels  run  both  horizontally  and  vertically  in  gate  arrays  (also  called  master  slices),  but  are  a  fixed  width 
determined  in  advance.  Typically,  all  cells  arc  identical  and  arc  connected  up  with  a  final  layer  of 
metalization. 

Recently.  Johannscn  [10]  has  introduced  bristle  blocks  as  a  technique  for  laying  out  integrated  circuits. 
Rather  than  using  standard  wire  routing  to  connect  cells  in  a  design,  the  cells  plug  together,  ibis  would  seem 
to  mean  that  all  cells  must  have  the  same  width  or  pitch.  Instead,  however,  the  cells  are  designed  with  places  to 
strctcli  so  that  a  cell  w  ith  smaller  pitch  can  be  adjusted  to  plug  into  a  wider  cell  with  no  routing  necessary. 

Ihe  idea  of  using  div  ide-and-conqucr  to  help  with  the  general  wire-routing  problem  is  not  new.  As  far 
hack  as  1069.  Gunther  |S]  gave  a  heuristic  procedure  for  arranging  machines  in  a  workshop  given  die 
frequency  of  travel  between  machines.  This  algorithm,  which  applies  as  much  to  circuit  placement  as  to 
machine  placement,  partitions  the  transportation  graph  and  places  die  subgraphs  in  Mihivctangles  of  the 
original  area.  Gunther's  technique  for  partitioning  is  highly  heuristic,  and  he  comments  that  it  is  the  critical 
step.  Another  heuristic  for  graph  partitioning  is  given  by  Kernighan  and  I  .in  |)1).  Among  the  applications 
they  mention  is  that  of  partitioning  chips  among  primed  circuit  boards  so  as  to  minimi/c  die  connections 
between  boards.  I  here  is  an  algorithmic  solution  to  the  partitioning  problem,  however.  It  is  based  on  the  fact 
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that  die  graphs  of  interconnections  which  arise  in  practice  arc  almost  planar.  By  replacing  each  crossover  in 
some  drawing  of  the  graph  with  an  artificial  vertex  that  performs  the  crossover,  l.ipton  and  Tarjan's  separator 
algorithm  for  planar  graphs  can  be  applied. 

It  is  unlikely  that  a  fast  general  partitioning  algorithm  will  be  found  because  the  problem  of  finding  the 
minimum  bisection  width  of  a  graph  is  NP-completc  [7],  In  other  words,  graphs  are  hard  to  partition.  This 
unfortunate  situation  brings  up  die  question,  "Can  the  divide-and-conquer  approach  used  in  this  paper,  which 
performs  placement  and  routing  simultaneously  compete  with  or  enhance  those  techniques  already  in  use?” 

A  difficulty  with  applying  the  techniques  of  this  paper  concerns  constant  factors  in  the  areas  of  layouts. 
The  model  in  Section  2  assumes  that  each  vertex  fits  into  a  square  of  the  grid,  and  furdicrmore,  diat  die  sizes 
of  vertices  and  edges  are  comparable.  For  many  practical  applications,  die  \crtices  arc  somewhat  larger  than 
the  edges,  lhis  means  that  die  grid  size  is  substantially  larger  than  the  edge  width,  and  dins  each  slice 
dirough  die  layout  wastes  a  large  constant  factor.  A  solution  to  diis  problem  is  to  design  the  cells  represented 
by  vertices  widi  places  where  they  can  be  sliced,  and  then  use  the  largest  unsliccabic  portion  of  a  cell  as  the 
granularity  of  die  grid.  This  technique  complements  the  bristle  blocks  approach  because  places  where  a  cell 
can  stretch  are  frequently  places  where  it  can  be  sliced. 

Iherc  is  another  solution,  however,  which  docs  not  require  the  cells  to  be  sliccahle.  and  yet  does  allow  die 
granularity  of  die  grid  to  be  the  width  of  a  wire.  Hie  limitation  is  diat  sizes  and  shapes  of  vertices  must  not 
vary  widely.  Kadi  vertex  is  placed  in  a  rectangle  whose  area  is  four  times  the  area  of  the  series.  Hie  layout 
algorithm  is  allowed  to  slice  diis  rectangle,  but  slicing  is  allowed  only  in  one  direction.  In  the  other  direction 
the  space  between  or  next  to  the  layouts  is  used  as  a  channel  for  routing.  When  a  slice  is  made  through  a 
sertex.  die  vertex  is  not  sliced,  but  instead  the  edge  simply  crosses  user.  When  the  algorithm  terminates,  each 
edge  diat  crosses  over  a  vertex  is  routed  around  the  vertex  in  the  unused  area  provided  by  die  rectangle.  ITie 
author  is  currently  working  on  another  approach  based  on  weighted  separator  theorems  where  at  cadi  stage  of 
the  recursion,  all  edges  dial  arc  to  be  routed  at  a  higher  level  arc  brought  to  the  periphery  of  the  current 
layout. 

Where  vertices  arc  large,  unsliccabic,  and  of  widely  varying  sizes,  die  problem  becomes  one  of  two- 
dimensional  bin-packing  with  constraints.  Iliis  formulation  seems  die  least  tractable.  It  may  he.  however, 
that  as  with  bin-packing,  simple  heuristics  can  be  found  that  give  reasonable  solutions  for  commonly  occuring 
instances. 
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